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1 TOM TAT

Bai toan Cauchy trong thang khong gian Banach dugc nghién ciu ban dau vao nhimg nam 1960 va da cé
nhitng két qud quan trong cia Nirenberg, Nishida, Treves... Trong cdc két qud do, tic gid st dung diéu
kien dang Lipschitz lien tuc cho vé phdi phuong trinh. Cdc ki thuat ching minh la st dung dinh ly diém
bat dong Banach, day ldp xdp xi,...

Trong [1], tdc gid gidi thiéu khdi niém do do phi-compact va t& dé dat ra khai niém todn ti c¢o dac. Mot
vt du dugce ddt ra trong [1] la bai toan Cauchy c¢é cham.

Trong bai bdo nay, ching toi xem xét la bai todn cé cham trong [1] va st dung diéu kién md rong hon.
Ky thuat chitng minh dugc sit dung mot két qud ve diém bat dong ciia dnh za co ddc trong [2].

Tw khéa: Thang khong gian Banach; do do phi compact; Bai toan Cauchy cé cham.

ABSTRACT:

The Cauchy problem in a scale of Banach spaces has begun in 1960s and stated some importance results.
They were stated by Nirenberg, Nishida, ... The Lipschitz continuity condition has use as main assump-
tions.

In [1], the author present the measure of non-compactness note and give the Cauchy problem with devi-
ating argument as an application.

In this paper, the Cauchy problem with deviating argument is considered in a scale of Banach spaces.
Keywords: scale of Banach spaces; measure of non-compactness; Cauchy problem with deviating argu-
ment

2 GICGI THIEU
2.1 Bai toan
Cho thang céc khong gian Banach X, s € [a, b] v6i tinh chét
Xo CXg va |lls <llls Va<s<s <b
Chiing ta quan tam sy ton tai nghiém bai toan toan sau day da dudc khio sat sy ton tai nghiém trong

[1]:

{ug = f(t, u(h(t))) (1)

u(0) =g

Trong d6 t € [0,T] va s6 p € (0,1) sao cho 0 < h(t) < tV/P vVt € [0,T).



2.2 Do do phi compact tong quat
Mot anh xa @ xac dinh trén 16p cac tap con bi chin cta khong gian Banach E nhan gia tri trong tap
duge sap thit ty mot phan (Q, <) duge goi 1a mot do do phi compact tdng quat néu

O (co2) = (), VQ bi chan trong E (2)

Trong d6 ¢of2 ky hiéu bao 16i déng ciia Q.
Do do phi compact tdng quat ® trén 16p tap bi chan trong khong gian dinh chuan X, nhan gia tri trong
khong gian dinh chudn c6 thit tu Q dugc goi la:

Chinh quy néu ®(M) = 0 < M la compact tuong do6i

Ntta cong tinh néu ®(M; + M) = ®(My) + &(Ms)
e Nita thuan nhéat néu ®(tM) = [t|P(M)
Bat bién dbi véi dich chuyén néu ®(x + M) = (M)

Lién tuc néu véi Q va € > 0 cho truée thi ton tai sd § > 0 sao cho:
[|®(Q) — B(M)||g < e v6i moi M théa sup|jz —y||x <9

Ngoai ra ta ciing xét dén tinh chat

({untn>1) = ({untn>2) (3)

2.3 Anh xa c6 dic

Anh xa f: D Cc X; — X, duge goi 1a (&1, ®P3) o6 dic néu v6i moi Q C D va Oo(f(Q)) > ®1(Q) thi sé
suy ra Q 1a tap compact tuong doi.

3 CAC DINH LY

Sau day la cac dinh 1y duge tham khéo.

3.1 Dinhly 1, [1]

Cho khong gian Banach X véi do do phi compact téng quat ® thod tinh chat (3). Néu la anh xa
f:MC X — M1la® co dic thi n6 c6 it nhat mot diém bat dong trong M.

Nhic lai: Néu f(x) = 2 thi x goi 1 diém bat dong ctia f.

Ching minh:

Diat Ag=M va A1 = @f(An) . Ro rang 1a Ag D A;.

Gid st A,—1 D A, vaz € Aypq. Khi d6 ton tai > k; = 1 v y; € A, sao cho x = Zsz(yl) Ma
i=1

An_1 D A, choneény; € A,_1 hay f(y;) € A,. Do d6 z € A,. Tinh bat ky clia x suy ra A,, D A,y1.

Theo quy nap day A,, 1a day giam (nghia bao ham), déng va khac rdng.

Dit C = NpenAp. Khi d6 C 161, déng, vd C = f(C) hay ®(C) = &(f(C)). Do d6 tinh & co dic cha f

suy ra C la compact (C la dong).

Chon gia tri g € M va dat z,, = f"(z0) . D& thay =, € A,. Tinh chat (3) cho thay ®({z,}n) =

O(f({zn}n)), két hop tinh ® co dac cta f suy ra {x,}, la tap compact tuong dbi. Ching ta suy ra sy

ton tai day con {z,, }r hoi tu. Gi6i han ctia ddy nay 1a thuoc C nén C khéc rong.

St dung dinh 1y bat dong Schauder, &nh xa f : C' — C c6 diém bat dong trong C ciing 1a diém bat dong

dang can tim.

Ching ta chitng minh xong.

Néu thit tu trong Q dugc sinh béi nén K thi ta con goi do do 1a K - do do



3.2 Dinh ly 2, [2]

Cho khong gian Banach X véi K - do do phi compact @ thoa tinh chit chinh quy va (3). Khong gian Q
céc gié tri cia ® 13 mot khong gian tuyén tinh dinh chuan.
Cho f: M C X — X lalién tuc. Gia st ¢c6 mot toan tt A : K — K la tang va thoéa mén:

o (i): @(f(Q)) < A(P(R2)) néu Q C M va Q, f(2) 1a bi chan

e (ii): lim A"™(x) =0 v6i moi x thuoc K (su hoi tu trong Q)
n—oo

Khi dé c6 it nhat mot diém bat dong trong M. Chitng minh:
Stt dung dinh 1y 1, chtng ta chi can chiing minh f 1a ® co dic.
Xét tap bi chan Q C M va gia st &(f(Q)) > (). Dat z = ¢(N) € K.
Taco: 0 <z=3(Q) <P(f(N) < AD(Q)) = A(z).
Do dé, két hop tinh tiang ctia A, suy ra A(z) < A%(z) hay mot cach tong quat 1a 0 < x < A"(x).
St dung gia thiét dinh 1y, khi n ra vo han ta duge x = 1i_>m A"(x) = 0 nghia 1a Q 1a tap compact tuong
déi. Vay f 1a ® co dic va ta da chitng minh xong.
Ky hieu qua cau B(ug,r) = {z € X : ||x — uo|| < r}, hinh tru S = {(t,z) : t € [0,T];2 € B(ug,r)}.

3.3 Dinhly 3, [1]

Cho f lién tuc déu trong hinh tru R.

Gia st do do phi-compact tdng quat ® trén X, nhan gia tri 1a s6 thuc c¢6 tinh chit chinh quy, nita cong
tinh, nita thuan nhét, lién tuc, bat bién véi dich chuyén.

Ngoai ra ® théa didu kién:

Ton tai hing s6 C dé véi moi Q C B(ug,7),t € [0,7] thi

D[f(t, Q)] < Cle()”
Khi d6 ton tai t; > 0 dé bai toan (1) c6 nghiem u € C*([0,#], X).

Ching minh:
Chon t; < min{1,T} sao cho [|f(t,z)|| < £, V(t,) € S. Viéc chon #; 1a t6t nhd tinh lién tyc déu cia f.
Ciing do tinh lién tuc ctia f, c6 thé khang dinh nghiém bai toan la diém bat dong anh xa F : C([0,t4], X) —
C([0,#1], X) x4c dinh béi:

t
Fu(t) = ug —|—/ f(s,u(h(s)))ds, te0,t]
0

Dat M = {u € C([0,t1], X) : w(0) = uo; |[u(t) — uo|| < £,V € [0,t1]}. D& thay M C C([0,t1], X) 1a 16,
dong va bi chan.

Gid sit w € M. Khi d6 v6i 0 < s < ¢y thi [[u(h(s)) — uol| < ™ < 7= <. Ngha la (s,u(h(s))) € S cho
nen |[f(s,u(h(s)))[| < ¢ Tit cong thic clia F' ching ta ching minh duge: FM C M.

Tiép theo, ching ta xay dung do do phi compact téng quat ®¢ trén 16p tap con bi chin, dong lien tuc

) C M va nhan gia tri trong khong gian C([0,¢1], R) véi thit ty thong thuong (v < v < u(t) < v(t),Vt €
[0,¢1]) nhu sau:

Do (Q)(t) = B(Q(t)), trong d6 Q(t) = {u(t) : u € Q}

Chung ta st dung dinh 1y (1) bang cach ching minh F : M — M 1a ®¢ co dac.
Dé chitng minh F 14 ®¢ co dic, gid st ®c(Q) < @c(F(Q)). St dung cac tinh chat ctia ® néu trong gia



thiét dinh ly, ching ta suy ra (véi t € [0,1]):
m(t) := (1)) < 2(F(2(2)))

= ®{ug —|—/0 f(s,u(h(s)))ds: u e Q}

<of [ f(s.90()ds}

< [ alsts.0meias

< [ crw@unnras = [ clmnis)rras
Bing céach lip lai cac lap luan trén nhidu 1an ching ta co:

t h(s1)
m(t) S/o C’[/O Clm(h(s2))]Pdsz2]Pdsy

<..

t h(s1) h(sz2) h(sn—1)
< / C’[/ C’[/ C[/ Cm(h(sp))]Pdsp)Pdsp—1...]Pdss]Pdsy
0 0 0 0

1/

<fef

< Cl+p+p2+...+p"{ Sup m(t)]
0<t<t;

P Sé/p 571«/7171
i / . / Clm(h(s, ) Pdsn]Pdsn_1..]Pdss]Pds,
0 0
p'ﬂ t’il

n?’(n — 1)p'..2p"? =V

Do 0 < p <1 nén chudi > ., p; hoi tu. Ngoai ra t; < 1 va méiu s6 (n — )P >1v6imoi0<i<n—2
cho nén VP hoi tu vé 0 khi n ra vo han.

Vay m(t) := ®(Q(t)) = 0,Vt € [0,¢1]. St dung tinh dong lien tuc ctia Q va tinh chinh qua cia @, ching
ta suy ra tinh compact tuong ddi ctia €.

Vay céc gia thiét clia dinh 1y 1 théa man, nghia 14 chiing ta ching minh xong.

4 KET QUA

M6 rong hon [1], ching ta xét bai todn (1) trong thang khong gian Banach X,. Tidc la anh xa f :
[0, T Xy — X5, Va<s<s <b.
Chiing ta ky hieu ¢4(B) 1a do do Kuratowski trén X. Két qua cia chiing ta nhu sau:
4.1 Dinhly 4
Gia st
o f:]0,T]Xs — X, 1alién tuc v6i mdi s<<s’

e Ton tai C va a sao cho v6i mdi s < s”, Q C X, vat € [0,7] thi:

¢ P
m (903/ (Q)) (4)

@s(f(ta Q)) <
e Gia st mot trong hai diéu kién sau théa man:
(a) T<1
(b) T=1va a < 1— p?



Khi d6 v6i méi sg € [a,b) thi bai toan (3.1) c6 nghiem u(t) € X,, V¢ e [0,T).

Ching minh:

Do f lién tuc nén nghiém bai toan (3.1) la diém bat dong anh xa F : C([0,T], Xs) — C([0,t1], X,), s < s
xac dinh béi:

—uo+/fy, ))dy, t € [0,T]

St dung dinh Iy 2, chiing ta tim nghiém bai toan dang diém bat dong anh xa F.
bat g = = p) >«

Xét khong gian

Y ={g:A:=[0,T][a,b) = R,||g|]| = ( SI;pA(b— s)%|g(t, s)| < oo}
t,s)€

Va K 14 nén cac ham khong am trong Y.
Ta dat E=C(I, X;) va xét B 1a mot tap bi chin trong E.
bat B(t) ={v(t)lve B} C X, C X5, Vs <b.
Chung ta xay dung K do do phi compact trén 16p tap con bi chan ctia E, nhan gia tri trong K nhu sau :
¢(B)(t,s) = ¢s(B(t)) V(t,s) €A
Dinh nghia 1a t6t vi (b — 5)5¢(B)(t,s) < (b — a)’pu(B(t))
Tiép theo, chiing ta xay dung toédn tt A : K — K la:
. c ‘ "\ P
Ag)(t,s) = inf ———— | (g(h(y),s"))" dy
0

s<s'<b (s — s)

Khi d6 A(g) € K 1a do v6i lya chon s’ = (b+ s)/2 thi:

. C Yoo llgll oy
_ &\B _ &\B
(b—s)PlA(g9)(t,s)] < (b—s) s<n’;‘1’f<b (8/—8)0‘/0 ((b—s’)ﬁ) y
<(b—s) B(1— p)—a2a+ﬂpc||g‘|pt
< CllgllPT2°

Chung ta sé dung quy nap ching minh v6i moi n>1 va s < s, < ... < 81 < b thi
|A™(g)(t, 5)| <
CHPE A g [P

(80 — 8)*(Sp_1 — 8n)*P...(57 — 82)P" ' (b — 51)PP"n(n — 1)P...20""*

Tit dinh nghia toan tit A, dé thay vdi (s < sy < b) thi:

|A(g)(t,s)| < Cllg|[Pt

(s1—5)(b—s1)PP

Suy ra véi s < s9 < §1 < b, thi:
C t
A2(g)(t,s)| < —C— /O A(9) (h(y), s2)[Pdy

(52 —5)*
C Cllgll?

= (sg —s)® {(81 — 59)%(b— sl)ﬁp} /0 (h(y))"dy
CHivlgl "t
(s — 8)*(s1 — 82)*P(b — s51)PP*2

<

Nghia 1a (5) ding v6i n=2, gid st (5) dung
Suy ra voi s < sp41 < ... < 81 < b, thi:

A (g) (¢, 5))| ch_s)a/o \A”(g)(h(y),sﬁ)lpdy

Cl+...p
(a1 — 8)*(Sn — Spa1)®P...(s1 — 52)2P" (b — 51)PP" T (n +1)..20" 7"

p"yn+1
< llgllP"t




Tie 1a (5) ding v6i moi n.
Chung ta tiép tuc danh gia vé phai (5) bang cach chon s; sao cho:

(s—sn)=1(8; —8i—1)=(b—151) = z;‘;, Vi =2,...,n thl dugc:

Cl4" " |gl|P" (n+ 1)/ A=P)F(B=a)p”

(b— S)a(1+~.p”*1)+ﬂp" n..2p" "2 g

(5) <

Lt gl (o 1)

= (b — s)altpnm)+Bpn n..2p" 2 r

CH-F" " lgl|P" n41 (n+ I)P(n+ 1

2
p 2 n
B—1=p—p“+(B—a)p™ m
= (b— s)atpnT AP n— 2) (n+1) T (6)

n—1

e Giast T=1vaa<1-—p?
Suy ra § < 14 p. Khi d6 v6i M du 16n thi :

(6) < M(n + 1)(F-2p"—*
Khi n di 16n dé (8 — a)p™ — p? < 0 thi vé phai (6) hoi tu vé 0 khi n ra vo han

e Néu T<1
Ta thay ring (6) < M(n+1)4T", trong d6 g = 3 — 1 —p — p> + (B — a)p la gi4 tri ¢6 dinh. Do d6
ta ciing dé dang chitng minh duge vé phai (6) hoi tu vé 0 khi n ra vo han
lim T"(n+1)=0

n— oo

Chiing ta da chiing minh duge diéu kien (ii) trong dinh ly 2:

lim A"(g) =0 v6i moi g thuoc K.

n—oo

Cudi ciing ta chiing minh (i) trong dinh 1y d6, tiic 1a ¢(F(B)) < A(¢(B))
That vat, gid st B C E la bi chén, ta co:

S(F(B)(ts) = ¢s(F(B)V) = @o{ fy [y, ulh(y)))dylu € B}

< / alf (s B(h(y))]dy

< (g) / (oo B
< s [ BB ) ay

Bat dang thitc trén ding v6i moi s’ > s nén ta c6 ¢(F(B)) < A(p(B)).

Ap dung dinh Iy 2 ta suy ra sy ton tai diém bat dong clia F ciing l1a nghiem bai toan (1): u(t) € X, Vt €
[0, T].

V6i mot gia tri s € [a,b) cho trude, ching thay b trong chiing minh trén béng sg.

Dinh 1y da ching minh xong
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